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Abstract 

Option pricing is one of the classical problems in financial engineering. Since exact solutions in analytical form 

are available for simple option contracts in particular, a numerical approach is desirable due to the fact that 

relaxed standard assumptions do not allow the construction of such solutions. In this paper, we consider the 

problem of pricing American-style options in the classical Black–Scholes framework; that is, we admit the early 

exercise feature. This constraint can be viewed as an additional non-linear source term in the option-pricing 

partial differential equation. The contribution of the paper lies in the proposal of a numerical scheme to solve this 

pricing equation and in the relationship of the presented technique with the existing pricing approaches. The 

numerical approach is based on the modification of the discontinuous Galerkin method incorporating a penalty 

term that handles the early exercise constraint. The capabilities of the scheme derived are documented using 

reference experiments and compared with the standard finite difference method. 
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Numerical Pricing of American-Style Options 

within the Black and Scholes Framework 

Jiří HOZMAN, Aleš KRESTA, Tomáš TICHÝ  

 

1. Introduction 

Options are specific financial contracts that provide 

their owners with the right to trade an underlying 

asset. Such a right is utilized only when it makes 

financial sense for the owner, that is, when a positive 

cash flow is generated. This fact leads to non-

linearity in the payoff function and requires advanced 

valuation methods compared to, for example, forward 

contracts, which give a linear payoff function. At the 

same time, however, the complex payoff functions of 

options or their combined positions allow everyone to 

match even very specific needs concerning either 

hedging necessities or speculation beliefs or both.  

The first rigorous treatment of option valuation 

dates back to the seminal papers of Black and Scholes 

(1973) and Merton (1973), focusing on European 

plain vanilla (call and put) options. Although their 

assumptions were very simplifying, such as Gaussian 

distribution of the underlying asset price returns and 

their constant volatility, the model still provides very 

good approximation and serves as a benchmark for 

more complex valuation methods. A detailed review 

of valuation models is provided by, for example, 

Haug (1997), while Cont and Tankov (2004) study 

many extensions to the underlying asset price distri-

bution. 

European options implicitly assume that the own-

er would wish to exercise his or her right just at 

maturity. However, the reality is often different. As 

an example, let us take put options (a right to sell the 

underlying asset) – these options show regions with a 

negative time value. That is, it would be efficient to 

exercise the option immediately and not wait until 

maturity, because the current price is too low to give 

a good chance of breaking the exercise price level. 

Therefore, American options have been introduced 

into the market. 

Since the value of American options depends on 

possible future decisions, valuation is even more 

complicated than for European options and only 

rarely leads to an analytical formula. Thus, the usage 

of numerical approximation techniques is commonly 

inevitable; see, for example, Achdou and Pironeau 

(2005), Duffy (2006), Hozman et al. (2018) or Top-

per (2005) for a review. 

In this contribution, we focus on a specific numer-

ical technique called the discontinuous Galerkin (DG) 

method and aim to develop an efficient scheme for 

the pricing of American-style options within the 

Black and Scholes (BS) benchmark setting. The 

foundations are reviewed by Cockburn et al. (2005), 

while Nicholls and Sward (2015) provide an intro-

duction to option-pricing applications with American 

constraints and recast the problem as a linear com-

plementarity problem. In contrast, the approach 

presented in this paper is based on a combination of 

the DG method with the penalty techniques from 

Zvan et al. (1998). Such a method represents a 

suitable alternative to the method by Nicholls and 

Sward (2015) and has the potential to exploit better 

the properties of the DG method, especially discon-

tinuous approximation. 

The paper is organized as follows. After specify-

ing the pricing problem for American-style options 

within the BS framework in the forthcoming section, 

attention is paid to the numerical valuation scheme 

(Section 3). Finally, in Section 4, a simple numerical 

comparison with the finite difference method and the 

reference results are provided.  

2. American-style options in the Black and 

Scholes framework 

The Black and Scholes framework assumes that, 

under the risk-neutral probability measure, the 

movement of the underlying asset price 𝑆 is driven (at 

each time instant 𝑡) by the stochastic differential 

equation:  

 d𝑆 = 𝜇𝑆 d𝑡 + 𝜎𝑆 d𝑍, (1) 

where 𝑍 is a Wiener process and constants 𝜇 and 𝜎 

are the expected growth rate of 𝑆 and its volatility 

parameter, respectively. Following the arguments of 

Black and Scholes (1973) and Merton (1973), the 

price function of European option 𝑉 written on asset 

𝑆 with maturity 𝑇 is the unique solution to the follow-

ing backward partial differential equation:  

𝜕𝑉

𝜕𝑡
+
1

2
𝜎2𝑆2

𝜕2𝑉

𝜕𝑆2
+ 𝑟𝑆

𝜕𝑉

𝜕𝑆
− 𝑟𝑉 = 0,                (2) 
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for 𝑆 ≥ 0, 𝑇 ≥ 𝑡 ≥ 0, equipped with the terminal 

condition:  
                 𝑉(𝑆, 𝑇) = 𝑉𝑇(𝑆),  𝑆 ≥ 0. (3) 

The symbol 𝑟 stands for the risk-free interest rate, and 

the terminal condition (3) depends on the contractual-

ly agreed payoff function that, for vanilla options 

with an exercise price (i.e. strike) of 𝒦, reads as  

𝑉𝑇(𝑆)  = {
max ( 𝑆 − 𝒦, 0), for a call,
max (𝒦 − 𝑆, 0), for a put.

                  (4) 

In contrast to a European-style option, an Ameri-

can-style option can be exercised before the expiry of 

the contract, leading to more complex problems. In 

this case, we have to encompass the additional 

constraint to the problem (2)–(3) that, at any time 𝑡,  

 𝑉(𝑆, 𝑡) ≥ 𝑉𝑇(𝑆). (5) 

This American feature leads to a moving-boundary 

problem due to which, apart from solving the pricing 

equation, it is necessary to determine two regions 

separated by a free boundary driven by the optimal 

exercise price 𝑆∗(𝑡). Thus, in exercise region ΩE ⊂
ℝ0
+, it is optimal to exercise the option early, and we 

solve the problem  

𝜕𝑉

𝜕𝑡
+
1

2
𝜎2𝑆2

𝜕2𝑉

𝜕𝑆2
+ 𝑟𝑆

𝜕𝑉

𝜕𝑆
− 𝑟𝑉 < 0,           (6) 

for 𝑆 ∈ ΩE,  0 ≤ 𝑡 ≤ 𝑇, under the condition  

𝑉(𝑆, 𝑡) = 𝑉𝑇(𝑆). (7) 

On the other hand, in the continuation region, it is not 

optimal to exercise early, and we solve the problem  

𝜕𝑉

𝜕𝑡
+
1

2
𝜎2𝑆2

𝜕2𝑉

𝜕𝑆2
+ 𝑟𝑆

𝜕𝑉

𝜕𝑆
− 𝑟𝑉 = 0,           (8) 

for 𝑆 ∈ ℝ0
+\ΩE,  0 ≤ 𝑡 ≤ 𝑇, under the condition  

𝑉(𝑆, 𝑡) > 𝑉𝑇(𝑆). (9) 

Note that, to guarantee the well-posedness of (6)–

(9), the continuity of the option value 𝑉 and its delta 

sensitivity measure 𝜕𝑉/𝜕𝑆 on the free boundary 𝑆 =
𝑆∗(𝑡) is enforced; see, for example, Wong and Zhao 

(2008). Moreover, in the case of no dividend pay-

ments, the early exercise is not optimal for call 

options and no free boundary exists; see Nicholls and 

Sward (2015). Therefore, in the rest of the paper, we 

focus only on the put options that have ΩE = (0, 𝑆
∗

(𝑡)).  

There are several approaches to handling the early 

exercise feature; from the recent literature, let us cite 

the penalty techniques by Zvan et al. (1998), the 

artificial boundary approach of Wong and Zhao 

(2008) and the Richardson extrapolation method by 

Ballestra and Sgarra (2010). In this paper, we follow 

the penalty approach and reformulate both problems 

(6)–(7) and (8)–(9) into one equation that is valid 

everywhere in both regions: 

        
𝜕𝑉

𝜕𝑡
+
1

2
𝜎2𝑆2

𝜕2𝑉

𝜕𝑆2
+ 𝑟𝑆

𝜕𝑉

𝜕𝑆
− 𝑟𝑉 + 𝑞 = 0,         (10) 

where 𝑞 is defined to ensure (5) and satisfy the 

conditions:  

𝑞(𝑆, 𝑡) {   
= 0,   if 𝑉(𝑆, 𝑡) > 𝑉𝑇(𝑆),

> 0,   if 𝑉(𝑆, 𝑡) = 𝑉𝑇(𝑆).
          (11) 

This constraint of American-style options can be 

viewed as an additional non-linear source term 𝑞 in 

the option-pricing partial differential equation. There 

are several ways to define such a penalty term 𝑞 that 

forces the solution to (10) to be equal to the payoff in 

the exercise region; see Zvan et al. (1998). In other 

words, the essential role of 𝑞 is to guarantee that the 

value of an American option cannot fall below its 

payoff function at any time 𝑡. One possible choice of 

penalty term is discussed in the next section.  

3. Numerical approach to option valuation  

Since there is no analytical option-pricing formula for 

finite maturity American options within the BS 

framework, the valuation should rely on numerical 

approaches. In our study, we employ the DG method, 

recently and successfully used in the field of financial 

engineering; see, for example, Hozman and Tichý 

(2016b, 2017, 2018). The utilization of this technique 

improves the valuation process for options. Apart 

from our research, let us mention another description 

of the DG method applied to American options under 

the CEV process; see Nicholls and Sward (2015). 

We proceed as follows in this section. First, we 

change the time running and localize the option-

pricing problem to a bounded spatial domain. Next, 

we recall the variational form of the penalty term for 

the American constraint. Finally, we mention the 

standard discretization steps and present the numeri-

cal scheme.  

3.1 Localization to a bounded domain 

We begin with the change of the time variable. From 

the numerical point of view, it is suitable to use 

forward time running, that is,  

 
             �̂� = 𝑇 − 𝑡,  

     𝑢(𝑆, �̂�) = 𝑉(𝑆, 𝑡),  

�̂�(𝑆, �̂�) = 𝑞(𝑆, 𝑡), 
(12) 

where 𝑢 is a new option price function and �̂� is a new 

penalty term, respectively. Further, the numerical 

approach, related to solving the pricing equation (10), 

requires truncation of the spatial 𝑆-domain to a 

bounded interval Ω = (0, 𝑆max), where 𝑆max is a 
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sufficiently large asset price that 𝑆max > 𝑆
∗(�̂�) for all 

�̂� ∈ (0, 𝑇). Consequently, the transformed governing 

equation with the initial condition, localized on the 

bounded domain, can be rewritten as  

𝜕𝑢

𝜕�̂�
−
𝜕

𝜕𝑆
(
1

2
𝜎2𝑆2

𝜕𝑢

𝜕𝑆
) +

𝜕

𝜕𝑆
((𝜎2 − 𝑟)𝑆𝑢)

+ (2𝑟 − 𝜎2)𝑢 = �̂�    
(13) 

𝑢(𝑆, 0) = 𝑢0(𝑆): = max (𝒦 − 𝑆, 0). (14) 

Since the problem in (13)–(14) is defined in the finite 

domain Ω, we have to impose values of 𝑢 on both 

endpoints of this interval. These values are set in 

accordance with American constraints and the asymp-

totic values of put options at the far-field boundary, 

that is 

𝑢(0, �̂�) = 𝒦, 𝑢(𝑆max , �̂�) = 0,     �̂� ∈ (0, 𝑇) . (15) 

Finally, let us mention that the initial boundary 

value problem (13)–(15) represents a degenerate 

parabolic problem that exhibits a convection–

diffusion character. This fact is the source of many 

numerical difficulties; thus, one has to take it into 

account when constructing a numerical solution; see 

the DG scheme. 

3.2 Penalty method 

To handle the American early exercise feature, we are 

inspired by Zvan et al. (1998) to introduce, for a 

sufficiently regular function 𝑣, the variational form of 

penalty term �̂� as  

 

⟨�̂�(�̂�), 𝑣⟩

= 𝑐𝑝∫𝜒exe
Ω

(�̂�)(𝑢0 − 𝑢(�̂�))𝑣 d𝑆

= 𝑐𝑝∫𝜒exe
Ω

(�̂�)𝑢0𝑣 d𝑆
⏟            

𝒬R(𝑣)

− 𝑐𝑝∫𝜒exe
Ω

(�̂�)𝑢(�̂�)𝑣 d𝑆
⏟              

𝒬L(𝑢,𝑣)

 

(16) 

which can be split into linear functional 𝒬R and 

bilinear form 𝒬L. The function 𝜒exe(�̂�) in (16) is 

defined as a characteristic function of the optimal 

early exercise region ΩE at time instant �̂�, and 𝑐𝑝 is a 

suitably defined large number that represents 

a weight with which the early exercise of the option is 

enforced. In line with Hozman and Tichý (2018), we 

set 𝑐𝑝 = 10
5/𝜏, where 𝜏 is the time step introduced in 

(19). Then, to force the American constraint, we 

place the form 𝒬L on the left-hand side and the 

functional 𝒬R on the right-hand side of the variational 

formulation of (13), respectively.  

3.3 DG scheme 

We present a numerical scheme based on a simple 

modification of the DG method (see Rivière (2008) 

for a complete overview) that extends the approach of 

Hozman and Tichý (2016a) to the numerical pricing 

of American-style options using the penalty tech-

nique. Our aim is to construct solution 𝑢ℎ = 𝑢ℎ(�̂�) 
from the finite dimensional space 𝑆ℎ

𝑝
 consisting of 

piecewise polynomial, generally discontinuous, 

functions of the 𝑝-th order defined over partition 𝒯ℎ 

of domain Ω with a constant mesh step ℎ, that is, with 

partition nodes 0 = 𝑆0 < 𝑆1 < ⋯ < 𝑆𝑁 = 𝑆max.  

This DG discretization in spatial coordinates leads 

to a system of ordinary differential equations for 

unknown price function 𝑢ℎ, specifically  

 

where the initial condition 𝑢ℎ(0) is given by (14),    

(⋅,⋅) denotes the inner product in 𝐿2(Ω) and the 

bilinear forms 𝒜ℎ(⋅,⋅) and 𝒬ℎ(⋅,⋅) stand for the 

discrete variants of the spatial partial differential 

operator from (13) and form 𝒬L from (16), respective-

ly. Further, the term ℓℎ(⋅)(�̂�) arises from the bounda-

ry conditions and 𝑞ℎ(⋅)(�̂�) is given by 𝒬R from (16). 

For the detailed derivation of the above-mentioned 

forms, we refer the interested reader to Hozman and 

Tichý (2018).  

Moreover, for practical purposes, to evaluate 

forms 𝒬ℎ and 𝑞ℎ we use an element-wise approxima-

tion of the early exercise region as follows: 

𝜒exe(�̂�)|[𝑆𝑙,𝑆𝑙+1] = {
1,  if 𝑢ℎ(𝑆𝑐 , �̂�) < 𝑢0(𝑆𝑐)

0,  if 𝑢ℎ(𝑆𝑐 , �̂�) ≥ 𝑢0(𝑆𝑐),
 (18) 

for �̂� ∈ (0, 𝑇),  0 ≤ 𝑙 ≤ 𝑁 − 1, where 𝑆𝑐 is the mid-

point of the interval [𝑆𝑙 , 𝑆𝑙+1].  

Next, we realize the discretization in time through 

the implicit Euler scheme and, following (17), we 

obtain the sparse matrix equation at each time level 

0 = �̂�0 < �̂�1 < ⋯ < �̂�𝑀 = 𝑇; see Hozman and Tichý 

(2016a), that is,  

 (𝑴 + 𝜏 𝑨 + 𝜏 𝑸)𝑈𝑚+1 = 𝑴 𝑈𝑚 + 𝜏 𝐹𝑚+1,       (19) 

where 𝜏 is a constant time step. The solution vector 

𝑈𝑚 = {𝜉𝑘
𝑚}𝑘=1

DOF with length of DOF = (𝑝 + 1)𝑁 is an 

unknown vector of coefficients of the basis functions 

{𝜑𝑘(𝑆)}𝑘=1
DOF of space 𝑆ℎ

𝑝
. Therefore, we can write 

      𝑢ℎ(𝑆, �̂�𝑚) = ∑ 𝜉𝑘
𝑚DOF

𝑘=1 𝜑𝑘(𝑆), 𝑆 ∈ Ω.         (20)  

The system matrix is a composition of the mass 

matrix 𝑴 = {𝑚𝑖𝑗}𝑖,𝑗=1
DOF , the matrix 𝑨 = {𝑎𝑖𝑗}𝑖,𝑗=1

DOF  

arising from the spatial differential operator, and the 
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penalty matrix 𝑸 = {𝑞𝑖𝑗}𝑖,𝑗=1
DOF , defined element-wise 

as  

𝑚𝑖𝑗 = (𝜑𝑗 , 𝜑𝑖),  𝑎𝑖𝑗 = 𝒜ℎ(𝜑𝑗 , 𝜑𝑖), 

𝑞𝑖𝑗 = 𝒬ℎ(𝜑𝑗 , 𝜑𝑖).  
 

(21) 

Since the supports of basis functions 𝜑𝑘 are small, the 

system matrix is sparse and has a block structure. The 

right-hand side of (19) contains the following vector:  

𝐹𝑚+1 = {ℓℎ(𝜑𝑘)(�̂�𝑚+1) + 𝑞ℎ(𝜑𝑘)(�̂�𝑚)}𝑘=1
DOF,       (22) 

which enforces the fulfilment of the boundary condi-

tions and the American constraint at time level �̂�𝑚+1. 

The solvability of the sparse linear algebraic system 

(19) is proven by Hozman and Tichý (2018). Since 

the system matrix is non-symmetric, the restarted 

GMRES solver is incorporated into the numerical 

procedure. 

4. Reference numerical benchmark 

In this section, the capabilities and potential of the 

presented numerical approach are demonstrated 

through the reference benchmark from Nicholls and 

Sward (2015). The proposed DG approach, combined 

with the penalty method, is implemented in 

Freefem++ by Hecht (2012) to perform the numerical 

simulations. 

We use piecewise linear approximations on equi-

distant consecutive refined meshes of underlying 

asset space (0, 𝑆max) with 𝑆max = 60, which is 

sufficiently large in relation to the current asset price 

𝑆ref = 10. This choice suppresses the influence of 

artificial far-field boundary conditions (15) on the 

numerical solution in the zone of practical interest. 

Further, the time step is set proportional to one 

calendar day as 𝜏 = 1/360 and GMRES is used as 

a sparse solver for (19). To be consistent with the 

reference values, we price the American put option 

with a half year to maturity (i.e. 𝑇 = 1/2) and the BS 

parameters 𝑟 = 0.05 and 𝜎 = 0.20.  

Our aim is to investigate the behaviour of put val-

ues with respect to spatial parameter ℎ (i.e. the mesh 

size). Therefore, we compute numerical prices on a 

sequence of consecutive refined meshes with 120, 

240, 480 and 960 elements, respectively. Moreover, 

to capture several scenarios, we consider the cases 

with different strikes 𝒦 ∈ {9.0,10.0,11.0}.  

We compare our results, evaluated at the current 

asset price 𝑆 = 𝑆ref, with those obtained by the finite 

difference method (FDM) – see Duffy (2006) – and 

the scheme from Nicholls and Sward (2015), in 

which the American constraint is recast as a linear 

complementarity problem. As there is no closed-form 

solution for finite-maturity American options within 

the BS framework, highly resolved binomial simula-

tions are considered here as reference ones. The 

results are recorded in Table 1. One can easily ob-

serve that the numerical results have greater accuracy 

as the number of elements increases and give more or 

less the same values as the reference ones, rounded to 

only four decimal places. More precisely, the pro-

posed DG approach produces solutions that are closer 

to the reference prices than the results presented 

by Nicholls and Sward (2015). On the other hand, 

except for minor differences, the results are asymptot-

ically in close agreement with the reference ones as 

well as the prices obtained by FDM. However, in 

FDM discretization, we have been dealing with a 

time step eight times smaller than in the case of the 

DG approach due to the requirements of this method. 

From this point of view, the presented DG approach 

shows its promising power.  

Table 1 Comparison of American put option values 

evaluated at reference node 𝑺𝐫𝐞𝐟 = 𝟏𝟎, �̂� = 𝑻 for different 

strikes and partitions obtained by various methods.  

𝒦 𝑁 
Nicholls,  

Sward 
DGM FDM 

ref. 

value 

9 

120 0.1232 0.14024 0.13094 

0.1324 
240 0.1352 0.13759 0.13294 

480 0.1329 0.13461 0.13248 

960 0.1325 0.13258 0.13244 

10 

120 0.4899 0.46880 0.46258 

0.4655 
240 0.4689 0.46872 0.46634 

480 0.4667 0.46681 0.46581 

960 0.4659 0.46559 0.46568 

11 

120 1.1186 1.09760 1.09543 

1.0970 
240 1.1009 1.09821 1.09755 

480 1.0979 1.09756 1.09719 

960 1.0971 1.09707 1.09706 

For easier understanding of the American con-

straint, Figure 1 shows the general relationship 

between the prices of the underlying asset and those 

of American and European put options (the particular 

settings are 𝒦 = 10, 𝑟 = 0.05 and 𝜎 = 0.20). It is 

apparent that the option prices do not fall below the 

values of the payoff (4). Moreover, one can easily 

observe the localization of the exercise regions, 

concretely ΩE ≈ (0, 8.9) for six-month maturity and 

ΩE ≈ (0, 8.4) for two-month maturity. The continua-

tion regions are the complements, that is, Ω\ΩE. 

Finally, note that our observations illustrate typical 

findings for American options priced within the BS 

framework. 
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Figure 1 The development of option prices with respect to 

the different maturities: six months (top) and two months 

(bottom). The horizontal axis represents the underlying 

asset price and the vertical one the values of American and 

European put options. 

5. Conclusions 

The financial markets offer various styles and types 

of options. In many cases, their valuation relies on the 

numerical approach only; this is the case of Ameri-

can-style options. In this contribution, we develop the 

DG scheme that incorporates a penalty term to handle 

the American constraint in the Black and Scholes (in-

)equality. The experimental study provides prelimi-

nary results that are comparable to the reference 

benchmark and to the results obtained by the finite 

difference method. However, further analysis would 

be welcome, especially for sensitivity measurement 

and more complex payoff functions. 
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