Central European Review of Economic Issues P

= VR
= =
\Q.gf’
VYSOKA SKOLA BANSKA
" J/  TECHNICKA UNIVERZITA OSTRAVA R EVU E
EKONOMICKA FAKULTA

Company valuation under interaction in discrete
time (real game options model)

Dana DLUHOSOVA?, Zdengk ZMESKAL?

aDepartment of Finance, Faculty of Economics, VSB — Technical University of Ostrava, Sokolska tiida 33, 702
00 Ostrava, Czech Republic

Abstract

Company valuation is a crucial topic in financial decision making. The advanced valuation method is the real options
approach realised under risk and flexibility. It reflects a stochastic feature of the underlying asset and dynamic
managerial decision making. Another aspect of valuation, which is often neglected, is interaction, meaning the mu-
tual impact of other companies on the calculated value. Game theory models this aspect. The paper’s objective is to
describe and apply company two-phase real game options valuation in discrete time. A generalised real game op-
tions valuation model based on the two-phase method, discrete time, risk-neutral probability, and switching cost is
formulated. The game categorisation is introduced, especially market structure games, including equilibrium calcu-
lations following pure and mixed strategies, and the real game options model is formulated. A company two-phase
valuation method in the Cournot production duopoly market structure under random demand is developed, and an
illustrative example is presented. The paper confirms the possibility of modelling company two-phase value through
real game options valuation models. Neglecting an interaction under a non-perfect market structure can undervalue
a company, so this aspect is essential.
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Introduction

Company valuation is an important problem in finan-
cial decision making and management. The choice of
valuation method depends on various aspects. The
practical valuation approach is a two-phase discounted
cash flow method. The complexity of valuation leads to
the frequent application of discrete binomial models.
Due to the valuation environment, risk, flexibility, and
interaction are substantial aspects. Term risk character-
ises randomness (stochastic process), flexibility repre-
sents a dynamic decision (option valuation), and inter-
activity means that one company's decision is influ-
enced by other companies' decisions (game theory).
The real options method is applied under risk and flex-
ibility. However, interactivity is often neglected, even
though it represents a significant aspect of a company's
valuation, supposing a non-perfect market.

Researchers and practitioners deal with game real
options. Many aspects concerning goals, formulations,
methodological conceptions, and application possibili-
ties are investigated (see e.g. Azevedo and Paxson,
2014; Chevalier-Roignant and Trigeorgis, 2011; Gren-
adier, 2000a, 2000b, 2002; Huisman, 2001; Huisman et
al., 2004; Smit and Trigeorgis, 2004, 2017). The prob-
lem can be formulated in discrete or continuous time
using Bellman's dynamic programming principle. Var-
ious optimisation techniques can be applied, game
types investigated, the project NPV or value of the
company computed, and problems of various sectors
investigated and analysed.

The paper focuses on the real game options valua-
tion of a company using the two-phase method in dis-
crete time. This approach has not yet been described in
depth in the literature. The paper's objective is to de-
scribe and apply company two-phase real game options
valuation in discrete time.

Primarily, an interaction feature is investigated. The
two-phase discounted cash flow is applied, and the bi-
nomial model in discrete time is assumed. The first sec-
tion is devoted to the development of valuation meth-
ods and a description of the real options valuation prin-
ciples. The chosen aspects of game theory are then de-
scribed and analysed. Subsequently, the methods of
game real options are outlined, especially market struc-
ture games. The application of the valuation model with
random demand and a duopoly market is verified.

1. Valuation methods under risk and flexibility
(real options)

The value of company V can be stated through the dis-
counted cash flow method as the present value

of cash flow V = i FCF,-(1+R) " . In the case of the
t=1
two-phase method
T-1
V =V1+V2=> FCF -(1+R) " +V, -(1+R) ", (1)
t=1
V1 is the value of the first phase, V2 is the value of
the second phase, FCF is the free cash flow, R is the
risk-free rate, and V; is the terminal (continual) value,
being a value at the beginning of the second phase.
Thus, FCF = EAT + DEP —ANWC - INV and, for ex-
ample, constant perpetuity V;, = FCF;, /R or growing
perpetuity V; =FCF,,,/(R—g). Then, the present
value can be formulated as follows:

(Ve -(2+R) " +FCR | |

V=1l.(1+R)" +FCF, , (1+R)™

(1+R) " +....+ FCF,
This implies that the recurrent formula for one step is
V, = FCF, +V,, -(1+R) ™, 2

and the value equals the free cash flow plus the present
value of the one-step future value. The value can be cal-
culated through the backward induction and dynamic
programming (Bellman's equation) method.

Valuation under risk means that the underlying as-
set (factor) is a random process. In a discrete binomial
model, the value can be stated using risk-neutral valua-
tion and derived from the replication strategy.

The basic idea is to create a portfolio value
IT from the underlying free cash flow (asset) FCF and
risk-free asset B so a derivative value V can be repli-
cated. For the portfolio value at time t, state i is

I, =a-FCF, +B =V,
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the portfolio value at time t+1 in upward movement
i+1is
I, =a FCFi+l,I+l +B '(1+ R) =V,

i+1,t+1
the portfolio value at time t+1 in downward move-
ment i—1 is

I_Ii—l,ul =a- FCFi—l,Hl +B '(1+ R) :Vi—l,Hl

and here symbol a is the underlying asset quantity.
Solving the three equations with variables a, B, and

V. the value formula is the following:

\/i,t = FCE( +(1+ R)il [ r) 'Vi+1,t+1 +(l_ ﬁ) .Vi—1,1+l:| ’ (3)

where the term P is the risk-neutral (not market) prob-

ability such that replication is reached.

(l+ R)' FCFi.t B FCI:i—l,t+1
FCF FCF

RS i1t

p=

If the free cash flow depends on another underlying
asset S, which is a function of S, FCF = f(S) , then
the risk-neutral probability is
(1+ R)'Si,t - Si—l,t+1

S S

r):

i+t T Vil

The generalised real options valuation model is a
multi-mode (multi-switching model) allowing switch-
ing between more than two modes. The recurrent equa-
tion is the following:

C,q+FCR} +
Vi‘t = max -1 ~ _ ' (4)
“° |(1+R) [ PVisea +(1-D) 'Vi—l,t+1:|

Here, q is a particular mode, Q is a mode set, and m

is an initial mode. Cmyq is the switching cost between

modes, for which a negative value means a cost and a
positive value means revenue.

For more information about the real options topic,
see, for example, Trigeorgis (1998).

2. Game theory apparatus

The important aspect of valuation is interaction. It
means that a particular subject’s decision depends on
the decisions of other intelligent subjects and vice
versa. This topic is the subject of game theory, which
could be considered to be a generalised decision-mak-
ing theory. Basic references are, for example, Dlouhy
and Fiala (2009), Manas (1974), Peters (2015), and
Tadelis (2013).

Games are categorised according to various criteria:
the number of players (two, more than two), the number

of strategies (finite — discrete, infinite — continual), the
cooperation type (cooperative, non-cooperative), syn-
chronisation (simultaneous, sequential), time (static,
dynamic), solution result strategies (pure, mixed), in-
formation (full, part), and the game formulation (strate-
gic — normal, extensive).

The crucial term of game theory is equilibrium, that
is, player strategies searching for equilibrium. The
basic principle is the Nash equilibrium; in other words,
equilibrium player strategies represent the best re-
sponses of particular players to other players' strategies.
Alternatively, if equilibrium exists, if any players divert
from the equilibrium strategy, they are damaged
(achieve less utility).

Usually, a perfect market is supposed in a valuation;
all the participants are price takers. This does not often
sufficiently reflect reality, and the market structure
must respond to it. It is necessary to consider and per-
form a valuation method in coincidence with a market
structure; otherwise, the valuation cannot be correct
and habitual assets are undervalued. When valuing
companies and projects, games have to be categorised
due to market structures: a perfect market (considerable
player numbers), oligopoly (finite player numbers), du-
opoly (two players), and monopoly (one player).

For the Cournot model, the crucial variable is the
production quantity and simultaneous decisions of
players. Another possibility is a competition by price,
as described by the Bertrand model. In the case of se-
quential decisions, the market consists of leaders and
followers. The Stackelberg model represents this situa-
tion.

Duopoly is the market structure of two companies.
Here, the strategy choice of the first company influence
the strategy selection of the second company and vice
versa, so mutual interactions are respected. In the
Cournot production duopoly, the goal is profit maximi-

sation ( z;, Z,) and the strategic decision about produc-
tion quantity (Ql,Qz) concerns given positive inter-
vals. The inverse demand curve provides the price.

Sales (T,,T,) and costs (N,, N,) are expressed
through a linear function; v,, v, are unit variable costs.
The price is formulated as an inverse linear demand
curve function, P=a-b-(Q,+Q,). The profit is
stated as follows:

2,=T,-N,=P-Q-v-Q,
price,

substituting for a

Z, :[a—b'(Ql""Qz)]'Ql_Vl'Ql =
@-v)-Q-b-Q°-b-Q-Q,
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The maximal profit is an extremal value as follows:

0z,
% _(a-v,)-2b-Q —b-Q,=0.
20, (@-v,)-2b-Q ~b-Q,
It implies Ql:—(a—v%;ng; analogically,

Q,= %. Both functions are so-called re-

sponse functions stating equilibrium production in
counterparty production. By mutual substitution, the

production into the equilibrium price equation, the

price is P :w. The last step is to state the
profit with knowledge of production,
a-2v,+v,) a-2v,+v,)’
zlz( L +Ys) : 22:( 2 V) . The ratio
9% 9b

Q <% has to be positive to give the problem an eco-

nomic rationale.

ilibri ducti . _a-2v+v, q Similarly, equations for other market structures (ol-
equilibrium - production Is - Q, = 30 an igopoly, monopoly, and perfect market) can be ob-
a—2v. +v tained. The results are presented in Table 3—-1. The unit
Q, =——2—1. The total production is the follow- variable cost and many companies are supposed for the
3b perfect market.
. 2a— (v, +V I
ing: Q=Q,+Q, = % . Substituting the total
Table 3-1 Production, price, and profit due to the market structure
Market Production of the company i Total production Price Profit of the company i
structure Q Q P Z;
a-v, a-v, a+y, (a—vi)2
Monopoly % m 2 I
Cournot duo- a-2v +V, 2a—(v, +v;) a+ (v, +V,) (a-2v,+v))
poly 3b 3b 3 %
Cournot oli- n a-n-v,+(n-1)v, n a—v] a+n-v 1 a-n-v,+(n-1)v, :
gopoly n+1 b n+1 b n+1 b n+1
Perfect mar- 1 a-v n a—vj a+n-v 1(a-vY
ket n+l b n+1\ b n+1 b\n+1

Legend: V =nivj , V:Zn:vj

j=i i

A bimatrix game signifies a two-player game with dis-
crete strategies. The matrix of each player presents pay-
offs for all combinations of strategies. Commonly, the
game is a non-zero-sum one. The primary objective of
the players' choice of strategy is to find an equilibrium
strategy. The solution can involve pure strategies or
mixed strategies. Firstly, every player selects only one
strategy. The methods of best responses and iterative
elimination non-dominated strategies can be applied.
Secondly, the players select strategies with probability.
The optimisation mixed problem is used.

The player searches for the best responses (maximal
value) to counter-player strategies by applying the best
response method. The best responses are shaded in Fig-
ure 3-1. For player A, if player B selects strategy B1,
the best reaction is Al; if the player selects B2, the best
response is Al. The reaction of player B is the follow-
ing: if player A chooses Al, B selects B2; for choice
Al, player B selects B1. The equilibrium point presents

the combination of Al and B2 with a payoff of 500 for
A and 700 for B.

Payoff matrix Player B
Player A Strategy B1 Strategy B2
< | strategy AL 600 500
=
o Strategy A2 300 400
Payoff matrix Player B
Player B Strategy B1 Strategy B2
< | strategy AL 500 700
%
a | strategy A2 300 200

Figure 3-1 Best response equilibria in a bimatrix game
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In pure strategies, except for one unique equilib-
rium, there can be more or no solutions. In the case of
more solutions, the most stable solution is sought, and
the concept of the so-called minimisation of shaken
hands is used. The common solution is in mixed strate-
gies, encompassing pure strategies as a subset. The for-
mulation of the non-linear optimisation problem is re-
ported, for example, by Dlouhy and Fiala (2009),
Matias (1974), and Peters (2015) as the following:

Problem I (bimatrix game)

M N M_ N
m?vxw ZZ P8, +ZZ Pb;a; —v—w
ZN:a”. -q; <V, Vi
i

ibij Psw, Vj

Here, p; and q; are the strategy probabilities of player
Aand, respectively, player B, a; and b; are the payoffs

of player A and, respectively, player B, v and ware
variables, i and j are the indexes of the strategies of

player A and, respectively, player B, and M and N
are the number of strategies of player A and, respec-
tively, player B.

Problem | can be modified into a more suitable
computation formulation. After dividing the equations
by v and W and substituting x =p,/v and

X = p, /w, Problem Il is as follows:

Problem 11 (modified bimatrix game)

M N M N
max szia“ y, +Zinbij y, -1-1
ZN:aij -y, <1, Vi
i

ibij X <1, Vj

3. Real game options valuation model

The payoff function depends on the underlying asset
random process and independently on interactions dur-
ing the valuation in the real options method. In this sec-
tion, the approach is generalised. It is supposed that a
payoff function is determined, except for the underly-
ing random asset movement, by mutual interactions, so
it depends on other players’ decision (choice of strate-
gies). The valuation of the game real options is similar
to the real options valuation, except the payoff function
is only given by game theory with interactions. The
topic in discrete time is worked out for example by

Chevalier-Roignant (2011) and Smit and Trigeorgis
(2004, 2017).

Valuation considering the actions of other compa-
nies is a generalised approach including risk, flexibil-
ity, and interaction. Game theory instruments serve to
model interactivity. The crucial term of game theory is
equilibrium. The term mode is substituted by the term
strategy in comparing the real options model. The gen-
eralised multi-mode real options with interaction model
is modified to a generalised multi-strategy model as fol-
lows:

C,, +FCFu" 4

Wy

Vi,l = ' A » )
(1+ R) |: ﬁ 'Vi+1,t+1 + (1_ ﬁ) 'Vi*1v1+1:|

where, for the ki" player, W, eW* (scalar or vector) is

the equilibrium strategy and W_, eW™ (vector or ma-
trix) is the strategy set, for other players, w_, (vector

or matrix) is the equilibrium strategy and W™ (matrix)
is the strategy set, and Cn,wk (scalar or vector) is the

switching cost between strategies.

The binomial model with risk-neutral valuation, the
two-phase method, and the game payoff function is pre-
sented.

Valuation procedure of the real game options model

0] Determination of the underlying asset (fac-
tor) random process

An approach based on an expert's estimation
or random process calibration (e.g., Browns,
CIR, Ho-Lee).

(i)  Equilibrium game payoff determination

Equilibrium payoffs are calculated due to the
game model.

(iif)  Stating terminal (continuum) value
Terminal value calculation (e.g. perpetuity
and growing perpetuity) due to states V, . .

(iv) Determination value for particular states
Backward induction procedure due to (5):

C,. +FCFY +

(1+ R)il |: P-Viaea +(1_ E))'Vi—1,t+1:'

(v)  Determination value of an option

The value of the real game option at the begin-
ning Vv, .

it
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4. Company valuation in a duopoly market struc-
ture under random demand (simplified example)

The objective is to state the value of the companies
(company A and company B) operating in a production
duopoly. We simplistically assume that depreciation
equals the investment, other fixed costs are not consid-
ered, the net working capital change is zero, and the
transaction cost and taxes are neglected. Therefore, the
free cash flow is identical to the profit. A two-phase
discounted cash flow valuation method is applied, and
a non-cooperative Cournot production duopoly deter-
mines the equilibrium profit. An inverse linear demand
curve gives the production price. Random development
is given by parameter a of the demand curve, which
obeys a geometric Brownian process. For the calcula-
tion, a binomial model is used.

With input parameter value a = 10, the companies’
unit variable costs are v, =2, and v, = 3. Hence, com-
pany A is more effective than company B, the cost of
capital for both companies R,; = 20%, and the risk-
free rate R = 10%. The development of parameter a
is apparent from the binomial model (Figure 5-1), and
the input parameters, including the calculated up-index

and down-index, along with the risk-neutral probabili-
ties, are shown in Table 5-1.

sdme o 1 2
uu
u 1563
1 12,50 ud =du
o[ 1000 d 1000 |
-1 8,00 dd
-2 6,40

Figure 5-1 Development of parameter @ (binomial model)

Table 5-1 Input and calculated parameters

Item Parameter | Value | Parameter | Value
Price a 10 b 0,5
Unit

variable Va 2 Vg 3
cost

Rates R 0,10 R 0,2
Indices U 1,25 D 0,8
Probabili- = _

ties p 0,67 1-p 0,33

Valuations applying the two-phase method, bino-
mial model, replication approach, American options,
and two payoff matrices are implemented, and a pure
strategy is supposed. The recurrent valuation equation
formula is as follows:

Zi""tAvWB +
V_A = ' . _ _ ’ (6)
" (1+ R) ' [ p ‘Vifl,ul +(1_ p)‘Vifl,m]
] Zi\?’ts)WA +
V° = ’ (7)

it -1 =~ —~
(1+ R) |: p 'ViEl,Hl +(1_ p)‘Vii,m]
where V" and V? are values, z, and z;, are profit,

w, eW”" and w, eW® (scalar) are the equilibrium
strategy, W* and W® are vectors of strategies, P is
the risk-neutral probability, and R is the risk-free rate.

Duopoly companies' equilibrium profit of concrete

i (a—2v+v)
nodes, shown in Table 5-1, are z :T and
(a—2v+v) . .
Z = o The backward induction procedure,

with the first value at a terminal time using perpetuity,

. z
is calculated as V = —— , then the node values are cal-
AB

culated using (6) and (7). Table 5-1 presents the results

for nodes, including price P:w and pro-
. a—2v, +v a—2vg +v
duction =2 A" =— "8 A The
Qn 3b ? 3b

development equilibrium profit and company value are
shown in Figure 5-1.
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Table 5-2 Calculated values, process, production, and profit of companies A and B
State beginning u d uu ud =du dd
company A B A B A B A B A B A B
coef. a 10,00 12,50 8,00 15,63 10,00 6,40
price P 5,00 5,83 4,33 6,88 5,00 3,80
production Qf 150 | 1,00 | 1,92 | 1,42 | 1,17 | 0,67 | 2,44 | 1,94 | 1,50 |[1,00| 0,90 | 0,40
profit z | 18,00 | 8,00 | 29,39 16,06 | 10,89 | 3,56 | 47,53 ] 30,03 | 18,00 |8,00 | 6,48 | 1,28
Company A Company B
sxdme o 1 2 0 1 2
uu uu
2 u 4753 u 30,03
1 29,39 ud =du 16,06 ud =du
Profit o[ 1800 d 1800 | [ 800 d 800 |
-1 10,89 dd 3,56 dd
-2 6,48 1,28
2 237,66 150,16
1 200,70 119,18
Value 0[ 16244 9000 | [ 8924 4000 |
-1 7525 29,74
-2 3240 6,40

Figure 5-2 Equilibrium profit and value development of company A and company B

Itis evident that company A’s value is 162,44 m. u.,
company B’s value is 89.24 m. u., and the impact of the
companies' effectiveness is apparent. The computed
values reflect the production duopoly conditions and
the economic level of the particular companies. Ac-
cording to states and time, the problem allows the anal-
ysis of the valuation circumstances and equilibrium pa-

rameters; see Table 5-1, which presents the prices P,
companies’ production Q, and Q,, and profit z, and
z,. Itis easy to show that company values in a duopoly

market could be computed comparably under an oli-
gopoly market structure by applying the formulas of
Table 3-1.

5. Conclusion

The real options approach could be considered as a
company valuation concept that reflects uncertainty
and flexibility. An essential element of the valuation
environment is interaction. This phenomenon, embod-
ying the mutual relationships among companies, is
dealt with using game theory. However, the introduced
aspect is often neglected even if it substantially influ-
ences the company value under specific non-perfect
market structures. Hence, the real game options method
encompasses this phenomenon.

The methodology of the game real options valuation
model, based on a two-phase method in discrete time,
was developed and formulated and an illustrative ex-
ample was presented in the paper. The computation
procedure of real game options was described. Games
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with non-perfect market structures were formulated,
specifically duopoly and oligopoly Cournot production
games. The duopoly market structure was implemented
and calculated in the illustrative example.

It was found that two-phase real game options val-
uation in discrete time is a suitable valuation approach
for companies reflecting non-perfect market structures.
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