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A Robust-Optimization Approach to            

Uncertainty in Static Games 

Davide RADI

1. Introduction 

Game theory starts with the seminal contribution of 

Von Neumann and Morgenstern, see Von Neumann 

and Morgenstern (1944). Considering non-cooperative 

games, the most well-employed equilibrium concept is 

proposed by Nash (1950) and is known as the Nash 

equilibrium. The Nash equilibrium is defined as a pro-

file of players’ strategies, such that no player has an in-

centive to deviate unilaterally from his/her strategy, 

given the strategies of the other players. This equilib-

rium concept is developed for games in which the play-

ers are fully rational and have complete knowledge of 

the environment of the game. Specifically, they know 

their opponents, their own payoff functions and those 

of the other players of the game. The knowledge of all 

these elements of a game is an assumption that does not 

often receive confirmation in real-world applications. 

A more general modelling framework is proposed by 

Harsanyi (see Harsanyi, 1967, 1968a, 1968b). In the 

Harsanyi doctrine, players are called Bayesian Players 

and they form beliefs about the type of opponents ac-

cording to Bayesian rules. Such a game is known as 

Bayesian game, and the players know their own payoff 

functions but are uncertain about those of their compet-

itors. In the decision process, players assume a proba-

bility distribution on the types of opponents. Harsanyi 

proposes an equilibrium concept for this type of game 

that is known as the Bayesian equilibrium. In many 

real-word applications, however, an assumed probabil-

ity distribution for the unknown elements of a game re-

sults to be an arbitrary choice, as players do not often 

have such knowledge. Then, inspired by the contribu-

tions in decisions theory, see, e.g. Gilboa and Schmeid-

ler (1989), and in optimization theory, see, e.g. Bertsi-

mas et al. (2011), alternative equilibrium concepts and 

modelling frameworks for games with uncertainty have 

been developed. One of the first distribution-free equi-

librium concept introduced in games is the well-known 

ex-post equilibrium. Proposed for the first time by 

Crémer and McLean (1985) in the context of mecha-

nism design, an ex-post equilibrium is an action profile 

that is a Nash equilibrium for all possible realizations 

of the unknown elements of a game. Such an equilib-

rium concept is very conservative, and its existence is 

not always guaranteed. Alternative distribution-free 

equilibrium concepts in game theory are therefore de-

sirable. Inspired by the theory of robust optimization 

developed in the last decades, Aghassi and Bertsimas 

(2006) proposed for the first time the so-called robust 

games. They represent a distribution-free modelling 

framework for incomplete information games in which 

players are uncertainty averse and adopt a robust-opti-

mization approach to uncertainty. The uncertainty re-

gards the payoff functions of the agents. Specifically, a 

player has a payoff function that is known except for 

the value of a vector of parameters. This vector of pa-

rameters can take any value in a bounded (generally 

closed and convex) set denoted the uncertainty set. 

Therefore, the modelling framework works when the 

uncertainty is bounded. Adopting a robust-optimization 

approach to uncertainty, players are worst-case maxi-

mizers. This means that they take the actions that en-

sure the maximum guaranteed payoff. Aghassi and 

Bertsimas introduce an equilibrium concept for these 

games, which is denoted the robust-optimization equi-

librium. It is a generalization of the Nash equilibrium, 

in the sense that, if the uncertainty vanishes, then all 

robust-optimization equilibria are also Nash equilibria. 

More generally, a robust game is a generalization of a 

game without uncertainty (or nominal game) in the 

sense that a robust game becomes a nominal game 

when the uncertainty vanishes. 

Aghassi and Bertsimas consider only matrix-form 

games. They provide sufficient conditions for the exist-

ence of a robust-optimization equilibrium for this type 

of games. Moreover, they propose several algorithms 

to compute the robust-optimization equilibria of a ro-

bust game in matrix form. They underline that the com-

plexity in finding the solution of a robust game depends 

on the specification of the shapes of the uncertainty 

sets. This feature is inherited from robust optimization, 

in which it is known that a very conservative specifica-

tion of the shape of the uncertainty set does not increase 

the complexity of a robust-optimization problem with 

respect to the nominal version of it, see, e.g., Soyster 

(1973). On the contrary, a sophisticated shape of the 

uncertainty set (usually a polyhedral shape is consid-

ered) makes the robust-optimization problem more 

complicated to solve (and ad-hoc numerical methods 

are usually required) than the same problem without 

uncertainty, see, e.g., Ben-Tal and Nemirovski (1998). 

This aspect is emphasized in a robust game, in which 
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the strategic interaction among players makes the opti-

mization problem with uncertainty even more compli-

cated to manage. 

The results obtained by Aghassi and Bertsimas 

(2006) are generalized to non-matrix games by Crespi 

et al. (2017). Moreover, Crespi et al. (2017) discuss the 

concept of a robust-optimization equilibrium and relate 

it to that of an epsilon-Nash equilibrium. 

In this work, we provide proof of the sufficient con-

ditions for the existence of a robust-optimization equi-

librium for the robust games considered by Crespi et al. 

(2017), which is based on the Kakutani Fixed-Point 

Theorem. Moreover, we provide a different representa-

tion of the uncertainty set from Crespi et al. (2017) and 

we propose two examples of a robust game. One of 

these two examples is a duopoly game in which the two 

firms that produce the same good are not aware of the 

right value of the slope of the price function. 

The paper is organized as follows. Section 2 intro-

duces the modelling framework of robust games and 

provides the sufficient conditions for the existence of a 

robust-optimization equilibrium. Section 3 underlines 

and discusses the differences between the sufficient 

conditions for the existence of a robust-optimization 

equilibrium and those for a Nash equilibrium and con-

siders a simple robust game. Section 4 discusses a sim-

ple robust duopoly game. Section 5 concludes. 

2. A robust game 

Consider a set 𝑁 of players (also known as the player 

set), the cardinality of which is given by |𝑁| = 𝑛. The 

static game 𝐺 is defined as follows: 

 𝐺:= {𝐴𝑖 , 𝜋𝑖 , 𝑈𝑖: 𝑖 ∈ 𝑁}, (1) 

where 𝐴𝑖 denotes the action space of player i and 𝜋𝑖 is 

his/her payoff function, defined as:  

 𝜋𝑖(𝛼𝑖; 𝑥𝑖 , 𝑥−𝑖): 𝑈𝑖 × 𝐴𝑖 × 𝐴−𝑖 → 𝑅,  

where 𝑥𝑖 is the action of player i, 𝑥−𝑖 are the actions of 

the opponents of player i, and 𝛼𝑖 is the parameter on 

which the payoff function of player i depends. Player i 

knows that the value of 𝛼𝑖 could be any in the bounded 

set 𝑈𝑖, which is called the uncertainty set of player i. 

Assuming that players are uncertainty averse in the 

sense that they are worst-case maximizers, the static 

game 𝐺 is a so-called robust game (see Aghassi and 

Bertsimas 2006; Crespi et al. 2017) and the players are 

denoted robust players.  

Assumption 1: In the following we assume that for 

all 𝑖 ∈ 𝑁: 

1. The action space 𝐴𝑖 ⊂ 𝑅 is a non-empty, com-

pact and convex subset of the set of real num-

bers. 

2. The uncertainty set 𝑈𝑖 ⊂ 𝑅 is a non-empty, com-

pact and convex subset of the set of real num-

bers. 

3. The function 𝜋𝑖(𝛼𝑖; 𝑥𝑖 , 𝑥−𝑖) is continuous with 

respect to 𝛼𝑖 ∈ 𝑈𝑖 for all (𝑥𝑖 , 𝑥−𝑖) ∈ 𝐴𝑖 × 𝐴−𝑖. 

4. Player i is a robust player; that is, he/she max-

imizes his/her worst-case payoff function.  

According to the hypothesis that players are worst-

case maximizers, we have that they maximize the so-

called worst-case payoff functions, which are defined 

as follows:  

 𝜌𝑖(𝑥𝑖 , 𝑥−𝑖): = 𝑚𝑖𝑛𝛼𝑖∈𝑈𝑖𝜋𝑖(𝛼𝑖; 𝑥𝑖 , 𝑥−𝑖) (2) 

for all 𝑖 ∈ 𝑁. 

The worst-case functions have the following prop-

erties. 

Property 1: Under the conditions imposed in As-

sumption 1, the worst-case payoff function in (2) is 

completely defined in 𝐴𝑖 × 𝐴−𝑖 and with final values. 

Proof. Since by hypothesis the payoff function is 

continuous with respect to 𝛼𝑖 ∈ 𝑈𝑖 and 𝑈𝑖 is a non-

empty and compact subset of the set of real numbers, 

see Assumption 1, according to Weierstrass’s Extreme 

Value Theorem we have that the payoff function has a 

maximum and a minimum. Hence, the worst-case pay-

off function is defined and bounded for all (𝑥𝑖 , 𝑥−𝑖) ∈
𝐴𝑖 × 𝐴−𝑖∎.  

Under the conditions imposed in Assumption 1, 

Property 1 underlines that a robust game can be rewrit-

ten as a nominal game, that is, a game without uncer-

tainty, as it follows: 

 𝐺𝑒: = {𝐴𝑖 , 𝜌𝑖: 𝑖 ∈ 𝑁}. (3) 

Thus, a Nash equilibrium of this nominal game is 

also an equilibrium of the robust game in (1). As in 

Aghassi and Bertsimas (2006) and in Crespi et al. 

(2017), an equilibrium of a robust game is called a ro-

bust-optimization equilibrium and is a strategic profile 
(𝑥𝑖

∗, 𝑥−𝑖
∗ ) ∈ 𝐴𝑖 × 𝐴−𝑖 such that  

 𝜌𝑖(𝑥𝑖
∗, 𝑥−𝑖

∗ ) ≥ 𝜌𝑖(𝑥𝑖 , 𝑥−𝑖
∗ ) ∀𝑥𝑖 ∈ 𝐴𝑖 (4) 

and ∀𝑖 ∈ 𝑁. 

3. On the existence of a robust-optimization equi-

librium 

According to the definition, the existence of a robust-

optimization equilibrium for a robust game defined as 

in (1) follows from the existence of a Nash equilibrium 

of the equivalent nominal game in (3). Therefore, its 

existence follows from Kakutani’s Fixed-Point Theo-

rem. 

Theorem 1 (Kakutani 1941). If 𝐴 is a closed, 

bounded and convex set in a Euclidean space, and 𝜑 is 

an upper semi-continuous point-to-set mapping of 𝐴 
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into the family of closed, convex subsets of 𝐴, then ∃𝐱 ∈
𝐴 such that 𝐱 ∈ 𝜑(𝐱). 

Employing Kakutani’s Fixed-Point Theorem, we 

can prove the following result.  

Theorem 2 (Existence of a robust-optimization 

equilibrium). Assume that the conditions in Assump-

tion 1 are satisfied and the worst-case payoff function 

𝜌𝑖 is concave in 𝑥𝑖, for all 𝑖 ∈ 𝑁 and is continuous in 
(𝑥𝑖 , 𝑥−𝑖) ∈ 𝐴. A robust game defined as in (1) has a ro-

bust optimization equilibrium. 

Proof. Consider 𝐴 = 𝐴𝑖 × 𝐴−𝑖. 𝐴 ⊂ 𝑅𝑛 by defini-

tion of 𝐴𝑖 and 𝐴−𝑖. Define 𝜑: 𝐴 → 2𝐴, where 2𝐴 denotes 

the power set of 𝐴, as follows 

 𝜑(𝑥1, … , 𝑥𝑛)

= {(𝑦1, … , 𝑦𝑛) ∈ 𝐴|𝑦𝑖
∈ 𝑎𝑟𝑔𝑚𝑎𝑥𝑢𝑖∈𝐴𝑖𝜌𝑖(𝑢𝑖 , 𝑥−𝑖), 𝑖 ∈ 𝑁}. 

(5) 

By definition, 𝜑 is a point-to-set mapping. Accord-

ing to Assumption 1, 𝐴𝑖 is a non-empty, compact and 

convex subset of the set of real numbers 𝑅. Moreover, 

by the hypothesis that 𝜌𝑖 is concave in 𝑥𝑖, for all 𝑖 ∈ 𝑁, 

we have that 𝜌𝑖 is continuous in 𝑥𝑖. Thus, following 

Weierstrass’s Extreme Value Theorem, we have that  

 𝜑(𝑥1, . . . , 𝑥𝑛) ≠ ∅ (6) 

and 

 𝜑(𝑥1, . . . , 𝑥𝑛) ⊆ 𝐴  

for all (𝑥1, . . . , 𝑥𝑛) ∈ 𝐴. 

It is obvious that (𝑥1, . . . , 𝑥𝑛) is an equilibrium of 

the robust game if and only if it is a fixed point of 

𝜑: 𝐴 → 2𝐴. Hence, to prove the existence of a robust-

optimization equilibrium for the robust game 𝐺 defined 

as in (1), we need only prove the existence of a fixed 

point of 𝜑. Note that 𝐴 is a non-empty, compact and 

convex set because so are 𝐴𝑖, 𝑖 =  1, . . . , 𝑛; see As-

sumption 1. Moreover, for 𝑘 =  1,2,3. .., consider  

 (𝑥1,𝑘, . . . , 𝑥𝑛,𝑘) ∈ 𝐴 (7) 

and 

 (𝑦1,𝑘, . . . , 𝑦𝑛,𝑘) ∈ 𝜑(𝑥1,𝑘 , . . . , 𝑥𝑛,𝑘) ∈ 𝐴. (8) 

Due to the compactness of 𝐴, it follows that 

 𝑙𝑖𝑚𝑘→+∞(𝑥1,𝑘 , . . . , 𝑥𝑛,𝑘) = (𝑧1, . . . , 𝑧𝑛)

∈ 𝐴 
(9) 

and 

 𝑙𝑖𝑚𝑘→+∞(𝑦1,𝑘, . . . , 𝑦𝑛,𝑘) ∈ 𝜑(𝑣1, . . . , 𝑣𝑛)

∈ 𝐴. 
(10) 

By definition of 𝜑, we have that 

 𝜌𝑖(𝑦𝑖,𝑘, 𝑥−𝑖,𝑘) ≥ 𝜌𝑖(𝑤𝑖 , 𝑥−𝑖,𝑘) (11) 

for all 𝑖 ∈ 𝑁, for all 𝑘 = 1,2, .3, . .., and for all 𝑤𝑖 ∈ 𝐴𝑖. 
Since 𝜌𝑖 is continuous in (𝑥𝑖 , 𝑥−𝑖) by hypothesis, taking 

the limit for 𝑘 → ∞ of both sides of (11), we have 

 𝜌𝑖(𝑣𝑖 , 𝑧−𝑖) ≥ 𝜌𝑖(𝑤𝑖 , 𝑧−𝑖) (12) 

for all 𝑖 ∈ 𝑁. Hence,  

 (𝑣1, . . . , 𝑣𝑛) ∈ 𝜑(𝑢1, . . . , 𝑢𝑛), (13) 

which implies that 𝜑 is upper semi-continuous and 

𝜑(𝑥1, . . . , 𝑥𝑛) is closed. The convexity of 𝜑(𝑥1, . . . , 𝑥𝑛) 
follows from the concavity assumption of 𝜌𝑖 in 𝑥𝑖. 
Therefore, 𝜑 satisfies Kakutani’s Fixed-Point Theo-

rem. Consequently, the robust game G in (1) has a ro-

bust-optimization equilibrium. ∎ 

The conditions provided in Theorem 2 are sufficient 

(but not necessary) conditions for the existence of a ro-

bust-optimization equilibrium. Moreover, the existence 

is established by assuming the concavity of 𝜌𝑖 in 𝑥𝑖 and 

not directly on the payoff functions of the robust game. 

Let us point out, however, that the concavity of 𝜌𝑖 with 

respect to 𝑥𝑖 follows from the concavity of 𝑓𝑖 in 𝑥𝑖 for 

all possible realizations of the uncertain value of pa-

rameter 𝛼𝑖. 

Lemma 1: Assume that the payoff function 𝜋𝑖 is 

concave in 𝑥𝑖 for all 𝛼𝑖 ∈ 𝑈𝑖. The worst-case payoff 

function 𝜌𝑖 is concave in 𝑥𝑖. 

Proof. Consider 𝑥𝑖 ∈ 𝐴𝑖 and 𝑦𝑖 ∈ 𝐴𝑖. By the as-

sumption of the concavity of the payoff function w.r.t. 

the unknown parameter, for each 𝛿 ∈ [0,1] we have:  

𝜌𝑖(𝛿𝑥𝑖 + (1 − 𝛿)𝑦𝑖 , 𝑥−𝑖)
= 𝑚𝑖𝑛𝛼𝑖∈𝑈𝑖𝑓𝑖(𝛼𝑖; 𝛿𝑥𝑖
+ (1 − 𝛿)𝑦𝑖 , 𝑥−𝑖)
=  𝑓𝑖(𝛼𝑖

∗; 𝛿𝑥𝑖 + (1 − 𝛿)𝑦𝑖 , 𝑥−𝑖)
≥  𝛿𝑓𝑖(𝛼𝑖

∗; 𝑥𝑖 , 𝑥−𝑖)
+ (1 − 𝛿)𝑓𝑖(𝛼𝑖

∗; 𝑦𝑖 , 𝑥−𝑖)
≥ 𝛿𝑚𝑖𝑛𝛼𝑖∈𝑈𝑖𝑓𝑖(𝛼𝑖; 𝑥𝑖 , 𝑥−𝑖)

+ (1 − 𝛿)𝑚𝑖𝑛𝛼𝑖∈𝑈𝑖𝑓𝑖(𝛼𝑖; 𝑦𝑖 , 𝑥−𝑖)

= 𝛿𝜌𝑖(𝑥𝑖 , 𝑥−𝑖) + (1 − 𝛿)𝜌𝑖(𝑦𝑖 , 𝑥−𝑖) 

which proves the concavity of 𝜌𝑖. ∎ 

Lemma 1 underlines that we can generalize Nash’s 

(1950) Theorem, to robust games. 

Theorem 3 (Nash’s Theorem for robust games). 

Assume that the conditions in Assumption 1 are satis-

fied, the payoff function 𝜋𝑖 is concave in 𝑥𝑖, for all 𝛼𝑖 ∈
𝑈𝑖 and for all 𝑖 ∈ 𝑁, and it is such that 𝜌𝑖 is continuous 

in (𝑥𝑖 , 𝑥−𝑖) ∈ 𝐴. A robust game defined as in (1) has a 

robust optimization equilibrium. 

Proof. It follows from Lemma 1 and Theorem 2.  

This result underlines that, in a robust game, it is 

sufficient to extend the condition of concavity of the 

payoff function of each player with respect to his/her 

action space to the condition of concavity of the payoff 

function of each player with respect to his/her action 

space for each possible realization of the parameter of 

which the value is uncertain. Moreover, some further 

conditions on the payoff functions are required to en-

sure the continuity of the worst-case payoff functions 
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with respect to the action space. Therefore, the suffi-

cient conditions to impose on the payoff functions of a 

robust game to ensure the existence of a robust-optimi-

zation equilibrium are slightly more stringent than the 

sufficient conditions to impose in a nominal game to 

ensure the existence of a Nash equilibrium. 

The more stringent conditions for the existence of a 

robust-optimization equilibrium do not entail, however, 

that the existence of a robust-optimization equilibrium 

of a robust game implies the existence of a Nash equi-

librium of the same game without uncertainty or that a 

robust-optimization equilibrium exists only when a 

Nash equilibrium exists for the same game but without 

uncertainty. In fact, the ones considered are only suffi-

cient conditions for the existence. A robust-optimiza-

tion equilibrium of a robust game can exist even when 

the conditions in Theorem 2 or in Theorem 3 are not 

satisfied. In this case, it is not ensured that the same 

game but without uncertainty has a Nash equilibrium. 

The more involved sufficient conditions required in 

a robust game for the existence of an equilibrium reflect 

the fact that a robust game is a more general modelling 

framework with respect to a nominal game. In particu-

lar, it is worth underlining that a robust game is a gen-

eralization of a nominal game. In fact, by assuming that 

all the uncertainty sets 𝑈𝑖 are singletons, then the robust 

game is a simple nominal game and its robust-optimi-

zation equilibrium is a Nash equilibrium. This is easily 

observable from the definition of a robust game in (1). 

Consider a classical 2×2 zero-sum game with un-

certainty. Assume a matrix payoff as in Table 1. 

Table 1 Matrix payoff 

 I II 

I (𝐻, −𝐻) (−𝐻, 𝐻) 

II (−𝐻, 𝐻) (𝐻, −𝐻) 

In this game, the row player (or player 1) gains 𝐻 

when both players coordinate to play the same strategy, 

and he/she has a payoff of −𝐻 in the opposite case. The 

opposite applies to the column player (or player 2). 

Randomizing player choices and denoting by 𝑥1 the 

probability that player 1 plays strategy I and by 𝑥2 the 

probability that player 2 plays strategy I, the game can 

be represented in strategic form as follows:  

 {𝐴𝑖 , 𝜋𝑖: 𝑖 ∈ 𝑁}, (14) 

where: 

• 𝑁 = {1,2}; 

• 𝐴1 = 𝐴2 = [0,1] are the action spaces of player 

1 and player 2, respectively; 

• Defined as 𝜋1(𝑥1, 𝑥2) = 𝐻(4𝑥1𝑥2 − 2𝑥1 −
2𝑥2 + 1) and 𝜋2(𝑥1, 𝑥2) = −𝜋1(𝑥1, 𝑥2) are the 

payoff functions of player 1 and player 2, re-

spectively. 

By straightforward considerations, we have that the 

Nash equilibrium of the game is given by (0.5,0.5) and 

the expected profit is zero for both players. 

We introduce payoff uncertainty into the game by 

assuming that player 1 is uncertain about the payoff that 

he/she will obtain when strategies (I,I) and (II,II) are 

played. He/she knows that, in these two cases, the pay-

off is any value in the range 𝑈1 = [𝐻 − 휀, 𝐻 + 휀], while 

player 2 knows his/her payoff function, that is 𝑈2 =
{𝐻} is a singleton. Assuming that player 1 is a worst-

case maximizer, we have the robust game: 

 {𝐴𝑖 , 𝜋𝑖 , 𝑈𝑖: 𝑖 ∈ 𝑁}. (15) 

Then, the worst-case payoff function of player 1 is 

given by 

𝜌1(𝑥1, 𝑥2): = 𝑚𝑖𝑛𝛼1∈𝑈1𝜋1(𝛼1; 𝑥1, 𝑥2)

= (2𝑥2 − 1)(2𝐻 − 휀)𝑥1
− 𝐻(2𝑥1 − 1) − 휀(1 − 𝑥2). 

By straightforward considerations, for 휀 < 2𝐻, the 

equilibrium output of the robust game coincides with 

the one of the nominal game, while for 휀 > 2𝐻, the 

robust optimization equilibria are (0.5,0.5), (1,0) and 

(0,1). 

4. A robust duopoly game 

Consider a duopoly game in which two firms produce 

the same good, which is sold in a common market. De-

note by 𝑞𝑖 the level of production of firm i. The inverse 

market demand is linear, and it is defined as 

𝑃(𝑞1, 𝑞2) = 𝑚𝑎𝑥{𝑎 − 𝑏(𝑞1 + 𝑞2); 0}, 

where 𝑎 > 0 is the reservation price and b > 0 

measures the sensitivity of the market price to the level 

of production. The costs of production are represented 

by the following linear function: 

𝐶𝑖(𝑞𝑖) = 𝑐𝑞𝑖  

for all 𝑖 = 1,2. The parameter 𝑐 > 0 is the marginal 

cost. Here, the marginal cost is assumed to be smaller 

than the reservation price and the fixed costs are disre-

garded as they will not affect the optimal level of pro-

ductions of the firms. Firm i does not know the exact 

value of parameter b. Specifically, it knows for sure 

that it is positive and bounded. Here, we assume that, 

based on simple heuristic considerations, each firm i 

defines the set of possible realizations of b as the un-

certainty set 𝑈𝑖 = [𝑏0 − 휀𝑖 , 𝑏0 + 휀𝑖]. The characteriza-

tion of the uncertainty set is such that 휀𝑖 measures the 

degree of uncertainty of firm i. The firms know that the 

slope of the price function is negative, and we impose 

hereafter that 𝑈𝑖 = [𝑏 − 휀𝑖, 𝑏 + 휀𝑖] ⊂ 𝑅+, that is, the 

uncertainty set reflects this knowledge. The values of 

the remaining parameters are known to both players. 

The profit (or payoff) function of firm i is thus given 

by:  
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𝜋𝑖(𝑏; 𝑞𝑖 , 𝑞−𝑖) = 𝑃(𝑞𝑖 , 𝑞−𝑖)𝑞𝑖 − 𝐶𝑖(𝑞𝑖)
= (𝑚𝑎𝑥{𝑎 − 𝑏(𝑞𝑖 + 𝑞−𝑖); 0} − 𝑐)𝑞𝑖. 

Each firm determines the optimal level of produc-

tion by maximizing the worst-case payoff function, 

which is defined as follows:  

𝜌𝑖(𝑞𝑖 , 𝑞−𝑖) = 𝑚𝑖𝑛𝑏∈𝑈𝑖𝜋𝑖(𝑏; 𝑞𝑖 , 𝑞−𝑖) =

= 𝑚𝑖𝑛𝑏∈[𝑏0−𝜀𝑖,𝑏0+𝜀𝑖](𝑚𝑎𝑥{𝑎

− 𝑏(𝑞𝑖 + 𝑞−𝑖); 0} − 𝑐)𝑞𝑖 . 

The firms have limited production capability, and 

the maximum level of production of firm i is given by 

�̅�𝑖 > 0. Therefore, the action space of firm i is the real 

value interval 𝐴𝑖 = [0, �̅�𝑖]. The duopoly game with un-

certain payoff functions and robust players (or firms) 

can be represented as  

 {𝐴𝑖, 𝜋𝑖 , 𝑈𝑖: 𝑖 = 1,2}. (16) 

The game is a robust duopoly game and it satisfies 

all the conditions imposed in Assumption 1. Indeed, we 

have that:  

1. The action space A𝑖 = [0, �̅�𝑖] is a real and non-

empty interval; therefore, it is a non-empty, 

compact and convex subset of the real numbers. 

2. The uncertainty set U𝑖 is a real and non-empty 

interval; therefore, it is a non-empty, compact 

and convex subset of the real numbers. 

3. The payoff function π𝑖(𝑏; q𝑖 , q−𝑖) is a piece-

wise linear and continuous function of parame-

ter 𝑏 for all (q𝑖 , q−𝑖) ∈ A𝑖 × A−𝑖 . 

4. Firm i is a robust player; that is, it maximizes its 

worst-case payoff function.  

Then, by Property 1, it follows that the worst-case 

payoff function of each firm i is completely defined in 

A𝑖 × A−𝑖 = [0, �̅�𝑖] × [0, �̅�−𝑖] and with final values. 

Specifically, since parameter b (the only parameter of 

the payoff function of which the value is not precisely 

known) negatively affects the value of the payoff func-

tion, the worst-case payoff function can be easily ob-

tained by setting the value of this parameter to the high-

est one possible according to the uncertainty set, that is, 

by setting b = 𝑏0 + 휀𝑖. It follows that the analytical ex-

pression of the worst-case payoff function for firm i in 

A𝑖 × A−𝑖 = [0, �̅�𝑖] × [0, �̅�−𝑖] is given by: 

𝜌𝑖(𝑞𝑖 , 𝑞−𝑖) = (𝑚𝑎𝑥{𝑎 − (𝑏0 + 휀𝑖)(𝑞𝑖 + 𝑞−𝑖); 0}
− 𝑐)𝑞𝑖 . 

Since, by assumption, the uncertainty set of firm i 

contains only positive values, its worst-case payoff 

function is a quadratic and concave function in 𝑞𝑖 when 

the price is positive, and a linear function when the 

price is equal to zero. Therefore, the worst-case payoff 

function is concave in 𝑞𝑖. Moreover, it is straightfor-

ward to verify that it is continuous in (𝑞𝑖 , 𝑞−𝑖). Then, 

from Theorem 2, it follows that the robust duopoly 

game considered here has at least a robust-optimization 

equilibrium. Analogous to nominal duopoly games, the 

equilibria of which are called Cournot-Nash equilibria, 

here all the equilibria of a robust duopoly game will be 

denoted Cournot-robust-optimization equilibria. 

To find a robust-optimization equilibrium in a styl-

ized model, as it is a robust duopoly game, it is conven-

ient to build up the best-reply functions for a robust 

game, that we denote the worst-case best-reply func-

tions. A worst-case best-reply function of a robust 

player is the best-reply obtained with respect to the 

worst-case payoff function. Therefore, it is defined as:  

𝑅𝑖(𝑞−𝑖) = 𝑎𝑟𝑔𝑚𝑎𝑥𝑞𝑖∈𝐴𝑖𝜌𝑖(𝑞𝑖 , 𝑞−𝑖)

= 𝑎𝑟𝑔𝑚𝑎𝑥𝑞𝑖∈𝐴𝑖 (𝑚𝑖𝑛𝑏∈𝑈𝑖𝜋𝑖(𝑏; 𝑞𝑖 , 𝑞−𝑖)) =

= 𝑎𝑟𝑔𝑚𝑎𝑥𝑞𝑖∈[0,�̅�𝑖] (𝑚𝑖𝑛𝑏∈[𝑏0−𝜀𝑖,𝑏0+𝜀𝑖]𝜋𝑖(𝑏; 𝑞𝑖 , 𝑞−𝑖)). 

By straightforward calculations, we obtain that the 

analytical expression of the worst-case best-reply func-

tion of firm i is as follows:  

𝑅𝑖(𝑞−𝑖)

= {

�̅�𝑖 𝑖𝑓 �̂�(휀𝑖) − 2�̅�𝑖 > 𝑞−𝑖 ≥ 0
1

2
(�̂�(휀𝑖) − 𝑞−𝑖) 𝑖𝑓 �̂�(휀𝑖) > 𝑞−𝑖 ≥ �̂�(휀𝑖) − 2�̅�𝑖

0 𝑖𝑓 𝑞−𝑖 ≥ �̂�(휀𝑖)

, 

where 

 �̂�(휀𝑖) =
𝑎 − 𝑐

(𝑏0 + 휀𝑖)
. (17) 

In the particular case 2�̅�𝑖 ≥ �̂�(휀𝑖), the worst-case 

best-reply function has only two branches, since the 

first one disappears. Using the worst-case best-reply 

functions, we have that a robust-optimization equilib-

rium can also be defined as (𝑞𝑖
∗, 𝑞−𝑖

∗ ) ∈ A𝑖 × A−𝑖 =
[0, �̅�𝑖] × [0, �̅�−𝑖] such that 

𝑞𝑖
∗ ∈ 𝑅𝑖(𝑞−𝑖

∗ ) 

for all 𝑖 = 1,2. 

The Cournot-robust-optimization equilibria may 

not be unique, as specified in the following proposition. 

Proposition 1 (Cournot-robust-optimization-equi-

libria). Consider the robust duopoly game in the sym-

metric setting, that is, with 휀1 = 휀2 = 휀 ≥ 0 and �̅�1 =
�̅�2 = �̅� > 0. The game is such that: 

• For 3�̅� ≥ �̂�(휀), the strategic profile 

 
(
�̂�(휀)

3
,
�̂�(휀)

3
) (18) 

is the unique Cournot-robust-optimization equilib-

rium; 

• For �̂�(휀) > 3�̅�, the strategic profile 

 (�̅�, �̅�) (19) 

is the unique Cournot-robust-optimization 

equilibrium. 
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Proof. Consider 𝑞1 ≥ 𝑞2 and 𝐴 = 𝐴1 × 𝐴2. The ac-

tion space is partitioned into six regions:  

Ω1 = {(𝑞1, 𝑞2)|𝑞1 ≥ 𝑞2 𝑎𝑛𝑑 �̂�(휀) − 2�̅� > 𝑞1} ∩ 𝐴 

Ω2 = {(𝑞1, 𝑞2)|𝑞1 ≥ 𝑞2 𝑎𝑛𝑑 �̂�(휀) > 𝑞1, 𝑞2
≥ �̂�(휀) − 2�̅�} ∩ 𝐴 

Ω3 = {(𝑞1, 𝑞2)|𝑞1 ≥ 𝑞2  ≥ �̂�(휀)} ∩ 𝐴 

Ω4 = {(𝑞1, 𝑞2)|𝑞1 ≥ 𝑞2 , �̂�(휀) > 𝑞1 ≥ �̂�(휀) − 2�̅�
> 𝑞2 } ∩ 𝐴 

Ω5 = {(𝑞1, 𝑞2)|𝑞1 ≥ 𝑞2 , 𝑞1 > �̂�(휀) > 𝑞2
≥ �̂�(휀) − 2�̅� } ∩ 𝐴 

Ω6 = {(𝑞1, 𝑞2)|𝑞1 ≥ 𝑞2 , 𝑞1 > �̂�(휀) 𝑎𝑛𝑑 �̂�(휀) − 2�̅�
> 𝑞2 ≥ 0 } ∩ 𝐴. 

Solving 𝑞𝑖
∗ ∈ 𝑅𝑖(𝑞−𝑖

∗ ) in 𝛺1, we obtain (�̅�, �̅�). Imposing 

that it belongs to the region we obtain the condition 

�̂�(휀) > 3�̅�. Since region 𝛺1 exists for �̂�(휀) ≥ 2�̅�, we 

have that the robust-optimization equilibrium (�̅�, �̅�) ex-

ists if and only if �̂�(휀) > 3�̅�. Solving 𝑞𝑖
∗ ∈ 𝑅𝑖(𝑞−𝑖

∗ ) in 

𝛺2, we obtain (
�̂�(𝜀)

3
,
�̂�(𝜀)

3
). Imposing that it belongs to 

the region we obtain the condition 3�̅� ≥ �̂�(휀). Since re-

gion 𝛺2 always exists (it is never empty), we have that 

the robust-optimization equilibrium (
�̂�(𝜀)

3
,
�̂�(𝜀)

3
) exists if 

and only if �̂�(휀) > 3�̅�. Solving 𝑞𝑖
∗ ∈ 𝑅𝑖(𝑞−𝑖

∗ ) in 𝛺3, we 

obtain (0,0), which does not belong to 𝛺3. Hence, there 

are no equilibria in this region. Solving 𝑞𝑖
∗ ∈ 𝑅𝑖(𝑞−𝑖

∗ ) 

in 𝛺4, we obtain (�̅�,
�̂�(𝜀)−�̅�

2
). Imposing that it belongs to 

the region, we obtain the condition 3�̅� = �̂�(휀). Since 

region 𝛺4 is non-empty for �̂�(휀) ≥ 2�̅�, we have that the 

robust-optimization equilibrium (�̅�,
�̂�(𝜀)−�̅�

2
) exists if 

and only if 3�̅� = �̂�(휀). Solving 𝑞𝑖
∗ ∈ 𝑅𝑖(𝑞−𝑖

∗ ) in 𝛺5, we 

obtain (
�̂�(𝜀)

2
, 0), which does not belong to 𝛺5. Hence, 

there are no equilibria in this region. Solving 𝑞𝑖
∗ ∈

𝑅𝑖(𝑞−𝑖
∗ ) in 𝛺6, we obtain (�̅�, 0). Imposing that it be-

longs to the region, we obtain the condition �̅� ≥ �̂�(휀). 
Since region 𝛺6 is non-empty for �̂�(휀) ≥ 2�̅�, we have 

that there are no robust-optimization equilibria in this 

region. The statement of the Proposition follows from 

the hypothesis of symmetry of the robust duopoly game. 

∎ 

The robust duopoly game admits a unique Cournot-

robust-optimization equilibrium. See Figure 1 for a 

graphical representation of the worst-case best-reply 

functions and of the Cournot-robust-optimization equi-

librium of the robust duopoly game. For 휀 = 0, the un-

certainty about the value of the slope of the price func-

tion vanishes and we have a classical duopoly game 

with complete information. See Figure 2 for a graphical 

representation of the best-reply functions and of the 

Nash equilibrium of the duopoly game with complete 

information. 

Here, we measure the effect of the uncertainty by 

studying the effect of 휀, that is, the degree of uncer-

tainty. As it increases, we observe that �̂�(휀) decreases. 

More generally, we observe that an increase in 휀 does 

not have any effect on the equilibrium of the game as 

long as �̂�(휀) > 3�̅�. However, an increase in the degree 

of uncertainty can cause �̂�(휀) ≤ 3�̅�. When this hap-

pens, a further increase in the degree of uncertainty af-

fects the equilibrium output of the robust game. Specif-

ically, the equilibrium output shrinks; see Figure 3. 

Therefore, the uncertainty (mixed with the uncertainty 

averseness of the players) has a paralysing effect on the 

players as underlined in the following Proposition. 

Proposition 2 (Cournot-robust-optimization-

equilibria). Consider the robust duopoly game in the 

symmetric setting, that is, with 휀1 = 휀2 = 휀 ≥ 0 and 

�̅�1 = �̅�2 = �̅� > 0. The game is such that: 

• For 휀 < 𝑚𝑎𝑥 {
𝑎−𝑐

3�̅�
− 𝑏0; 0}, the Cournot-ro-

bust-optimization equilibrium of the robust du-

opoly game coincides with the Cournot-Nash 

equilibrium of the nominal game; 

• For 휀 ≥ 𝑚𝑎𝑥 {
𝑎−𝑐

3�̅�
− 𝑏0; 0}, the Cournot-ro-

bust-optimization equilibrium of the robust du-

opoly game does not coincide with the Cournot-

Nash equilibrium of the nominal game. The level 

of production at the Cournot-robust-optimiza-

tion equilibrium is lower than that at the 

Cournot-Nash equilibrium of the nominal game. 

• For 휀 → +∞, the Cournot-robust-optimization 

equilibrium of the robust duopoly game con-

verges to (0,0). 

Proof. It is a straightforward consequence of Prop-

osition 2. 

The proposition underlines that there is a level of 

uncertainty after which the risk related to such uncer-

tainty is so high that robust players (or uncertainty-

averse firms) prefer to exit the duopoly market. It oc-

curs when the uncertainty set becomes unbounded. 

To measure the cost of uncertainty aversion, we 

compute the difference in the main economic variables 

between the robust duopoly game and the nominal du-

opoly game. Concerning the level of productions, we 

have that the difference is given by:  

𝑞∗(0) − 𝑞∗(휀)

=

{
 

 0 𝑖𝑓 휀 < 𝑚𝑎𝑥 {
𝑎 − 𝑐

3�̅�
− 𝑏0; 0}

(𝑎 − 𝑐)휀

3𝑏0(𝑏0 + 휀)
𝑖𝑓  휀 ≥ 𝑚𝑎𝑥 {

𝑎 − 𝑐

3�̅�
− 𝑏0; 0} .

 

Concerning the profits, we have that the difference 

is given by:  



88 Ekonomická revue – Central European Review of Economic Issues 21, 2018 

 

𝜋∗(0) − 𝜌∗(휀)

=

{
  
 

  
 휀�̅�2 𝑖𝑓 휀 < 𝑚𝑎𝑥 {

𝑎 − 𝑐

3�̅�
− 𝑏0; 0}

(𝑏0 + 휀)(𝑎 − 𝑐)
2

9(𝑏0 + 휀)
2

−𝑏0 (
(𝑎 − 𝑐)

3𝑏0
)

2 𝑖𝑓  휀 ≥ 𝑚𝑎𝑥 {
𝑎 − 𝑐

3�̅�
− 𝑏0; 0} .

 

The comparison underlines that firms generate 

more profits in a duopoly game with complete infor-

mation. 

 

Figure 1 Graphical representation of the worst-case best-re-

ply functions of the firms in the robust duopoly game with the 

parameters: 𝑎 = 2, 𝑏0 = 0.1, 𝑐 = 1, 휀 = 0.05 𝑎𝑛𝑑 �̅� = 3. 

The unique Cournot-robust-optimization equilibrium is the 

unique intersection points of the worst-case best-reply func-

tions.  

 

Figure 2 Graphical representation of the worst-case best-re-

ply functions of the firms in the robust duopoly game with the 

parameters: 𝑎 = 2, 𝑏0 = 0.1, 𝑐 = 1, 휀 = 0 𝑎𝑛𝑑 �̅� = 3. The 

unique Nash equilibrium is the unique intersection points of 

the worst-case best-reply functions. 

Moreover, the effect of uncertainty is visible in the 

diagram of Figure 3. Here, the Cournot-robust-optimi-

zation equilibrium is represented as a function of the 

level of uncertainty. It is easy to see that the uncertainty 

reduces the level of equilibrium-output of the firms.  

 

Figure 3 Graphical representation of the equilibrium output 

as a function of the level of uncertainty 휀 ∈ [0,0.2]. The re-

maining parameters of the robust duopoly game are set as fol-

lows: 𝑎 = 2, 𝑏0 = 0.1, 𝑐 = 1 𝑎𝑛𝑑 �̅� = 3. 

5. Conclusions 

In this paper, we consider robust games. For static 

games with matrix and non-matrix payoffs, sufficient 

conditions for the existence of a solution, the so-called 

robust-optimization equilibrium, are provided by em-

ploying the Kakutani Fixed-Point Theorem. Several ex-

amples are provided to underline the structure of a ro-

bust game. Various aspects of this distribution-free 

equilibrium model remain to be investigated, for exam-

ple the analogies and differences between a robust-op-

timization equilibrium and a Nash equilibrium. A fur-

ther open question concerns the sensitivity of a robust-

optimization-equilibrium with respect to the level of 

uncertainty or to the specification of the uncertainty set 

of each player. 
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